We investigate the hyper-order of solutions of two class of complex linear differential equations. We investigate the growth of solutions of higher order and certain second order linear differential equations, and we obtain some results which improve and extend some previous results in complex oscillations.
Introduction and results
We shall assume that reader is familiar with the fundamental results and the standard notations of the Nevanlinna value distribution theory of meromorphic functions (e.g. see [, ] ). In this paper, we use ρ(f ), τ (f ) to denote the order and type of an entire function f (z), use λ(f ) (λ(f )) to denote the exponent of convergence of zeros (distinct zeros) of f (z), and use ρ  (f ) to denote the hyper-order of f (z) (see [] ), which is defined to be ρ  (f ) = lim r→∞ log log T(r, f ) log r .
The hyper-exponent of convergence of zeros and distinct zeros of f (z) are, respectively, defined to be (see [] ) λ  (f ) = lim r→∞ log log T(r, f ) log r , λ  (f ) = lim r→∞ log log T(r, f ) log r .
In addition, we use M to denote a positive constant, not necessarily the same at each occurrence. We denote the linear measure of a set E ⊂ (, +∞) by mE = E dt and the logarithmic measure of E by m l E = E dt/t, respectively. The upper and the lower logarithmic density of E are defined by log dens E = lim For the higher order linear differential equation
there are similar results as follows.
Then a natural question is: Can we estimate the hyper-order of the solutions of (.) and (.) under the same condition in Theorems A and B? And: Can we estimate the hyperorder of the solutions of (.) in Theorem C if ρ(A  ) >   ? Theorems . and . below give answers to the above questions.
At the same time, many authors have investigated the growth of solutions of (.) and its non-homogeneous linear differential equation
when ρ(A) = ρ(B) and obtained the following results.
Theorem D (see [] ) Let P(z) and Q(z) be nonconstant polynomials such that P(z) = a n z n + a n- z n-
. . , n) with a n b n =  and let A  (z) and A  (z) ≡  be entire functions satisfying ρ(A  ) < n and ρ(A  ) < n. Then the following statements hold: (i) If either arg a n = arg b n or a n = cb n with  < c < , then every nonconstant solution f of
has infinite order with ρ  (f ) ≥ n.
(ii) Let a n = b n and deg(P -Q) = m ≥ , and let the orders of A  (z) and A  (z) be less than m. Then every nonconstant solution f of (.) has infinite order with
. Then every nonconstant solution of (.) has infinite order with
(iv) Let a n = cb n with c >  and let P -cQ be a constant. Suppose 
has infinite order and ρ  (f ) = . 
is of infinite order. 
Theorem D left us a question: Can we have ρ  (f ) = n (n is a positive integer) for every nontrivial solution of (.) if a n = b n ? Theorem E tells us that the question holds if n = . Many authors investigated the above question but none of them solve the question completely, and Theorem . completely solves this question. In the following, we give our results. 
Remark . Theorems . and . are improvements of Theorems A-C. Theorem . is an improvement of Theorems D, E and a supplement to Theorems F, G. 
Lemmas
(ii) There exist a set H  ⊂ [, π) that has linear measure zero and a constant B >  that depends only on α, for any θ ∈ [, π)\H  , there exists a constant R  = R  (θ ) >  such that, for all z satisfying arg z = θ and |z| = r > R  , we have
to denote a set of r of finite logarithmic measure throughout this paper, not necessarily the same at each occurrence. 
Otherwise, we find that there exists a set H ⊂ [, π) with positive linear measure, i.e., mH >  such that, for all z satisfying arg z = θ ∈ H and for any ε > , one has
Then, for all r / ∈ E  , we have
Since ε > , mH > , (.) is a contradiction with m(r, f ) ∼ log M(r, f ). For any β < τ , we choose β  satisfying β < β  < τ , by Lemma ., there exists a set E  ⊂ (, ∞) having infinite logarithmic measure such that, for all |z| = r ∈ E  , we have
By (.) and (.), for any given  < ε <  -
and, for all z satisfying |z| = r ∈ E  \E  and
Therefore we complete the proof of Lemma .. 
Lemma . (see [] ) Suppose that P(z) = a n z n + · · ·+ a  is a polynomial with degree n ≥ , a n ∈ C, and that A(z) ( ≡ ) is an entire function with ρ(A) < n. Set g(z) = A(z)e P(z) , z = re iθ , δ(P, θ ) = δ(a n z n , θ ) = Re{a n e inθ }. Then for any given ε > , there exists a set H  ⊂ [, π) of linear measure zero such that for any θ ∈ [, π)\H  , there is a constant R(θ ) >  such that for |z| = r > R(θ ), we have:
Proofs of Theorems 1.1-1.3
Proof of Theorem . (i) By Lemma ., we know that every solution f of (.) satisfies
In the following, we show that every transcendental solution f (z) of (.)
is a transcendental solution of (.). By (.), we have
For each sufficiently large circle |z| = r, we take a point z r = re iθ r satisfying |f (z r )| = M(r, f ) > . By Lemma ., there exist a constant δ r >  and a set E  such that, for all z satisfying
By Lemma ., there exist a set H  ⊂ [, π) having linear measure zero and a constant B >  such that, for all z satisfying arg z = θ ∈ [θ r -δ r , θ r + δ r ]\H  and for sufficiently large r, we have
exist a set E  ⊂ (, ∞) having infinite logarithmic measure and a set H  ⊂ [, π) with linear measure zero such that for all z satisfying |z| = r ∈ E  and arg z = θ ∈ [θ r -δ r , θ r + δ r ]\H  , we have
is a polynomial solution of (.) with deg f ≥ d, then by a simple estimation on both sides of (.), we have ρ(
(iii) If d = , it is easy to see that (.) cannot have polynomial solutions, and by (i) and (ii), we see that every nonconstant solution f (z) of (.) satisfies ρ  (f ) = ρ(A  ) and Without loss of generality, we assume that a = . Set z r = re iθ r , by Lemma ., for any given ξ ( < ξ < ) and for any given l ( < l <   ), there exists a set E ξ ⊂ (, ∞) of lower logarithmic density greater than  -ξ such that, for all z satisfying |z| = r ∈ E ξ and arg z = θ ∈ [θ r , θ r + l], we have
We choose l sufficiently small such that
In general, if a = , then A d (z) -a has zero as a deficient value, and using the reasoning above to
holds, for all |z| = r ∈ E ξ and arg z = θ ∈ [θ r , θ r + l]. From (.), we have
holds, for all z satisfying |z| = r ∈ E ξ and arg z = θ ∈ [θ r , θ r + l]. Let f ≡  be a solution of (.). By (.), we have 
